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Free and Forced Vibrations of Thick Rectangular Plates using Higher-Or~er
Shear and Normal Deformable Plate Theory and Meshless Petrov-Galerkin

(MLPG) Method

L. F. Qianl,2, R. C. Batra3 and L. M. Chenl

Abstract: We use a meshless local Petrov-Galerkin Liu (2001) have used the MLPG method to find natu-
(MLPG) method to analyze three-dimensional infinitesi- ral frequencies and forced plane ,strain deformations.of
mal elastodynamic deformations of a homogeneous rect- a cantilever beam. Batra and Chmg .(2002~ have de!m-
angular plate subjected to different edge conditions. We eated the time evolution of the stress-mtenslty factor m a
employ a higher-order plate theory in which both trans- double edge-cracked plate.
verse shear and transverse normal deformations are con- Atluri and Shen (2002a,b) have compared the perfor-
sidered. Natural frequencies and the transient response manceof six' variants of the MLPG method for solving
to external loads have been computed for isotropic Poisson's equation. Qian et al. (2002) used two of these
and orthotropic plates. Computed results are found to formulations to study elastostatic deformations of a thick
agree with those obtained from the analysis of the 3- rectangular plate with a compatible higher-order shear
dimensional problem either analytically or by the finite and normal deformable plate theory (HOSNDPT) pro-
element method. posed by Batra and Vidoli (2002). Batra et al. (2002)

have shown that for the same order of the plate theory
1 Introduction the mixed HOSNDPT derived from a Hellinger-Reissner

. ,principle in which stresses satisfy natural boundary con-
Numerical methods used to find an approxImate solution ditions at the major surfaces of the plate gives results
of an initial-boundary-value problem include the finite closer to the 3-dimensional solution of the problem than
element method (FEM), the finite-difference method, the the compatible HOSNDPT in which stresses are derived
boundary element method and meshless methods. Ad- from the assumed displacement field and Hooke's law.
vantages of a meshless method over the FEM include However, the compatible HOSNDPT is easier to use
the flexibility of placing nodes in the domain of study than the mixed HOSNDPT. We use the former and the
and not having to connect them to form closed polygons. MLPG 1 formulation to analyze natural frequencies and
Out of several meshless methods available in the litera- the forced transient response of a thick rectangular plate,
ture, e.g. see Belytschko et al. (1994), we use here the We compare computed results with those obtained ei-
Meshless Local Petrov-Galerkin (MLPG) method pro- ther from the 3-dimensional analysis of the problem by
posed by Atluri and Zhu (1998) and further developed the FEM or available in the literature. In the MLPGl
by Atluri et al. (1999, 2000, 2002a,b), Lin and Atluri method the test function is set equal to the weight func-

. ,(2000), and Long and Atluri (2002). Kim and Atlun tion of the moving least squares (MLS) approximation
(2000) and Ching and Batra (2001) used it to analyze (see Lancaster and Salkauskas (1981» of the trial solu-
plane strain elastostatic deformations of an edge-cracked tion,
plate. Warlock et al. (2002) adopted it to study the ef- The paper is organized as follows. Sections 2, 3 and 4
fect of frictional forces in a contact problem. Gu and b . fl ' t '

I th HOSNDPT the weak .,

orne y reVIew respec lve y e , I' -
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2 Brief Review of the Compatible HOSNDPT For infinitesimal deformations, strains E are given by

~
a ax.~~~~~=~~~ b h ~ z t y - ~ Middle plane S K dy

~~-~ { 'EXX } EWj(x,y)dji 0 x Eyy K j=O K E= Ezz = Li(Z)= {lli}Li(Z),

Figure 1 : Schematic sketch of the problem 22EyZ ~ Owi(X,y)
+~ .( )d ., ~Ezx :I.. ""'VJ x,y JI

2Exy uy j=O

Figure 1 shows a schematic sketch of the problem stud- Owi(X,y) ~
( )d+ "'" u. x y ,ied, the rectangular Cartesian coordinate axes used to ax j=O J' J

describe deformations of the homogene?us .plate, and avi(x,y) aUi(X,y)
dimensions of the rectangular plate which m the un- ~ +-a;;-
stressed reference configuration occupies the region .Q = (4)

[O,a] x [O,b] x [-h/2,h/2]. The mid surface of the plate
is denoted by S, the boundary of S by r, and displace- where for i = 0, 1,2,..., K, Tli is a 6-dimensional vector
ments of a point along the x, y and z-axes by u, v and with components given by
w respectively. By using Legendre polynomials in z or-
thonormalized by K

Tli(l) = dUi/dX, Tli(2) = dVi/ay, Tli(3) = E djiWj,j h/2 j=O
Li(Z)Lj(z)dz = Oij, (1) K K

-h/2 Tli(4) = dwi/ay+ E Vjdji, Tli(5) = dWi/dX+ E Ujdji,

'-0 '-0we write J- J-

Tli(6) = dvi/dX+dUi/ay.
{ u(x,y,z,t)} K { Ui(X,y,t) } (5) u(x,y,z,t) = v(x,y,z,t) = E Vi (x,y,.t) Li(Z).

w(x,y,z,t) i=O Wi(X,y,t) Since dij '=¥ 0, the transverse normal and the trans-

(2) verse shear strains for K > 1 depend upon displacements
Uo,Vo, WO,Ul,Vl,Wl,.. ,UK-l,VK-l,WK-l. Using Hooke's

In (1), Oij is the Kronecker delta. Expansion (2) for dis- law, stresses at a point x = (x,y,z) are given by
placements has been used by Mindlin and Medick (1959)
who attributed it to W. Prager, Batra and Vidoli (2002), 0" = {O"xx O"yy o"u O"YZ O"ZX O"xy}T = DE, (6)
and Batra et al. (2002). When K ~ 2, the plate theory
is called higher-order. Equation (2) elucidates that both where D is the matrix of elastic constants. The plate has
transverse normal and transverse shear deformations are been assumed to be initially stress free. Substitution from
being considered. Expressions for Lo(z), Ll (z), . . ., ~(z) (4) and (5) into (6) gives stresses at the point x in terms
are given in the Appendix. We note that Li(z) is a poly- of displacements and in-plane gradients of displacements
nomial of degree i in z. Hence L~(z) = dLi/dz can be of the point (x,y) on the midsurface S.
written as We omit here derivation of the plate equations which are

K given in Batra and Vidoli (2002) for a piezoelectric plate
L~(z) = E dijLj(z), (3) based on the mixed variational principle of Yang and Ba-

j=O tra (1995) and in Batra et al. (2002) for an elastic plate

where d" are independent of z. The matrix d., is given in based on the Hellinger-Reissner principle. The weak for-
Batra ~d Vidoli's (2002) paper for K = 0, 1 :~, . . .,7 and mulation of the problem used here is described below.
for K = 7 is also listed in the Appendix. Denoting the velocity of a point by Ii and the acceleration
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by ii, it follows from equation (2) that Here £ is the 6-dimensional strain vector derived from
displacements ti = (u,ii,w), and a.o. is the boundary of

{ U(X,y,z,t)} K { Ui(X,y,t) } .0.. Substitution from (4), (6), and (8)2-(8)4 into (9) and
u(x,y,z,t) = ~(x,y,z,t) = ~ ~i(X,y,t) Li(Z), integration with respect to z from -h/2 to h/2 give

w(x,y,z,t) - Wi(X,y,t)

. . . .. .(7) t [h{iii}[D]{lli}dS-ku {ui}T[n] [D]{lli}dr
and a sImilar expreSSIon holds for u. Knowmg 1-0 .

u(x,y,Z,O), Ui(X,y,O), Vi(X,y,O) and Wi(X,y,O) can be - J {Ui}T {li}dr +1 {Ui}T P{iii}dS
computed from (7) by multiplying both sides with Lj(z) rf S

and integrating the resulting expression with respect to z - ~ (::I::~) r {Ui}T {q:J::}dS] = 0, (10)
from -h/2 to h/2. 2 is

. where3 Weak FormulatIon of the Problem
- j h/2 - In the absence of body forces, equations governing tran- {f i} = Li (z) {f}dz. (11)

sient deformations of the plate are -h/2

diva = pii in.o. x (0, T), In the Galerkin formulation of the problem {Ui} is usu-

- h h ] ally taken to vanish on r u. However, in the MLPG

an = f on r j x [--, - x (0, T), formulation, it is not necessary to do so since essential

2 2 boundary conditions are imposed either by the penalty

u = ii on r u x [ - ~, ~] x (0, T), (8) method or by the elimination of the corresponding de-
2 2 grees of freedom or by the method of Lagrange multipli-

:J:: n:t:an = q on ,,- x (O,T), ers.
u(x,y,Z,O) = uo(x,y,z) in .0.,
. . ° ) . 4 Implementation of the MLPG Methodu(x,y,Z,O) = u (x,y,Z m.o..

. . 4.1 Semidiscrete formulation
EquatIon (8)1 expresses the balance ofhnear momentum,
equations (8)2-(8)4 boundary conditions, and equations Let M nodes be placed on S, and Sl,S2,... ,SM
(8)5 and (8)6 initial conditions. Here p is the mass den- be smooth two-dimensional closed regions enclosing
sity, div the three-dimensional divergence operator, n is d 1 2 M . I h h Mu S S. . no es , ,... respectIve y suc t at a = .
an outward umt normal to the surface, and a supenm-' IX = 1
posed dot denotes partial derivative with respect to time Sl,S2,... ,SM need not be of the same shape and size, and
t. S+ and S- are the top and the bottom surfaces of the the intersection of any two or more of them need not be
plate where surface tractions are prescribed respectively empty. Let q>1, q>2,. .., q>N and '111, '112,..., 'IIN be linearly
asq+andq-. ru andrj are parts of the boundary as ofS. independent functions defined on Sa. For a Kth order
On the edge surfaces of the plate, displacements and sur- plate theory there are 3(K + 1) unknowns no, U1,..., UK
face tractions are prescribed as ii and f on r u x [- ~, ~] at a point in Sa. We write these as a 3 (K + 1) dimensional
and r j x [-~, ~] respectively. array {u}, and set

Let U, ii and w be three linearly independent functions de- N
finedon.o.. Likeu, vandwineqn. (2), U, iiandware {u(x;y,t)}= E[q>J(x,y)]{OJ(t)}, (12)
expanded in terms of Legendre polynomials in z. Mul- J=l
tiplying the three equations (8)1 expressing the balance - N -
of linear ~omentu~ in x, y, and z dir~ctions by. U, iiand {u(x,y)} = J~['IIJ(x,Y)]{OJ}' (13)

w respectIvely, addIng the three resultIng equatIons, and
using the divergence theorem, we obtain where, for each value of J, {OJ} is a 3(K + 1) dimen-

1 sional array and {q>J} is a square matrix of 3(K + 1) rows;
r £T ad.o. - r tiT andS + ptiT iid.o. = O. (9) similar remarks apply to {u} ['IIJ] and {3J}. Note that

in ian n '
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OJ vary with time t. The 3(K + 1) x 3(K + 1) matrix Here
{<!>J} can be divided into (K + 1) submatrices each of size
3 x 3(K + 1). The ith such submatrix is given by [KIJ] = 1 ([BI]T[D] [BJ]) dS- { (['III]T[n] [D] [BJ]) dr

Sa ir au
[ithsubmatrixof<!>J] = -J (['III] T [n] [D] [BJ]) dr, (18)

[ ~ --;:-""'--J Oi 0 .-"""--0 OK 0 ] {FJ} = { ~]T{q}dS+ { ['III]T{fi}dr

... 't' ... (14)' isa ira!0 0 0 ... 0 <!>J 0 ... 0 0 0 .
10 0 0 ... 0 0 <!>J ... 0 0 0 + Li(::!::h/2) ['III] T {q:l::}dS, (19)
Sa

Note that the location of the 3 x 3 diagonal matrix <!>p, [MIJ] = 1 P['III]T[<!>J]dS, (20)
where I is a 3 x 3 unit matrix, depends upon the value of Sa

i. For example, for i = 0, <!>p occupies the first three where r nO = aSa - r au - r af' r au = aSa n r u, r af =
rows and columns of [<!>J]; for i = I, the second three aSa nr f' The matrix [KIJ] is usually called the stiffness
rows and columns etc. The analogue of unknowns {OJ} matrix, [MIJ] the mass matrix, and {FI} the load vector.
is the nodal displacements in the FEM. However, in the For the MLPG formulation, M and K need not be sym-
MLPG method, {oJ} do not generally equal nodal dis- metric and K may not be positive definite even after es-
placements. Substitution from (12) and (13) into (5) sential boundary conditions have been imposed. Equa-
gives tions like (17) are derived for each Sa, a = 1,2,... ,M.

Initial conditions on {OJ} are obtained by substituting
- ~ - ~ - - from (12), (8)5 and (8)6 into (7) and following the proce-

{1l} -~[BJ]{OJ}' {1l} =~[BJ]{OJ}' (15) dureo~tlinedafterequation(7). Foruo=O=ti°, {oJ(O)}
and {oJ(O)} are null matrices. Essential boundary con-

where {1l} is a 6(K + 1) dimensional array and B is a ditions (8)3 are satisfied by following the procedure out-
6(K + 1) x 3(K + 1) matrix which can be divided into lined in section 4.3.
(K+ 1) submatrices each of size 6 x 3(K+ 1). The ith For a free vibration problem, {FI} = {a} and
such submatrix is given by . -

{OJ(t)}=e1rot{oJ}, (21)
lith submatrix of BJ] = - . .

where {OJ} IS the amplttude vector and co a natural fre-
0 i K, ~ , , ~ , , ~ ,quency. Thus natural frequencies are given by

0 0 0 ..dcpj/dx 0 0.. 0 0 0
0 0 0.. 0 dcpj/dy 0 .. 0 0 0 det [[KIJ] - CO2 [MIJ]] = 0 (22)
0 0 cpjdoi.. 0 0 CPJdii.. 0 0 CPjdKi
0 CPjdOi 0 .. 0 CPjdii dcpj/dy.. 0 CPJdKi 0 and the corresponding mode shapes {3J} can be com-

CPjdOi 0 0.. CPjdii 0 dcpj/dx..cpjdKi 0 0 puted from
0 0 0 ..dcpj/dydcpj/dx 0 .. 0 0 0

(16) [KIJ] {3J} = CO2 [MIJ] {3J} (23)

where the repeated index i in dii is not summed. The by imposing a suitable normalization constraint on {3J}.

matrix BJ is obtained from BJ by substituting 'IIJ for <!>J. In order to complete the formulation of the problem, we
We now replace the domain of integration S in equation now describe briefly the moving least squares (MLS) ap-
(10) by Sa, substitute for {1l}, {'Ii}, {u} and {ii} from proximation (see Lancaster and Salkauskas (1981)) for
equations (12), (13) and (15), require that the resulting details) for finding basis functions {<!>J}, and the tech-
equation hold for all choices of {~}, and arrive at the fol- nique to impose essential boundary conditions.

lowing system of coupled ordinary differential equations . . . .
(ODEs). 4.2 Bnef Descnption of the MLS BasIs Functions

.. In the MLS method, the approximation fh(x,y,t) of a
[KIJ] {OJ} + [MIJ] {OJ} = {FI}' (17) scalar-valued function f(x,y,t) defined on Sa is written
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as where

m m
fh(x,y,t) = E Pj(x,y)aj(x,y,t), (24) <Pk(X) = E Pj(X) [A -1(x)B(x)]jk' (31)

j=1 j=1

where may be considered as the basis functions of the MLS ap-
proximation. It is clear that <Pk(X j) need not equal the

~~ pT (x,y) = {l,x,y,xl ,xy,y2,...}, (25) Kronecker delta c)kj. In order for the matrix A, defined by
;~, (29)1, to be invertible, the number n of points in the do-
:'1 is a complete monomial in (x, y) having m terms. For main of influence of x must at least equal m. For m equal

~ complete monomials of degrees 1, 2 and 3, m = 3, 6 and to 3 or 6, Chati and Mukherjee (2000) have found that
c~ 10 respectively. The unknown coefficients al,a2,... ,am 15 ~ n ~ 30 gives acceptable results for two-dimensional
j:lJi are functions ofx = (x,y) and time t, and are determined elastostatic problems. For a two-dimensional elasto-

by minimizing 1 defined by dynamic problem, Batra and Ching (2002) used Gauss

n weight functions, the complete set of quadratic mono-
1 = EW(X-Xi)[pT(xi)a(x,t) _/i(t)]2, (26) mials and rw = 3.5 times the distance to the third node

i=1 nearest to the node at Xi. Thus rw and the locations of

A nodes in Sa and hence S must be such that n satisfies the
where fi(t) is the fictitious value at time t of f at the point required constraint. We take
(Xi,Yi), and n is the number of points in the domain of
influence of X for which the weight function W(X-Xi) > rw = chi (32)
O. We take

where hi is the distance from node i to its nearest neigh-
{ (di)2 (di)3 (di)4 borandcisascalingparameter.

1- 6 - +8 - -3 - 0 < d. < rW(X-Xi)= rw rw rw' - 1 - w, In Atluri and Shen's (2002a,b) terminology we use the

0 ,di~rw, MLPGl formulation and set'lfJ = W(x-xJ) withrw=
(27) hI. Thus the support of 'lfJ is a circle centered at XJ and

radius equal to the distance from XJ to the nearest node.
where di = Ix - xii is the distance between points x and

Xi, and r w is the size of the support of the weight function 4.3 Matrix Transformation Technique for Satisfying
W. Thus the support of W is a circle of radius r w with Essential Boundary Conditions
center at the point Xi. Wi h . +" h . . f .ale use t e matrIx translorm tec mque to salis yessentI
The stationarity of 1 with respect to a( x, t) gives the fol- boundary conditions. In this subsection, the dependence
lowing system of linear equations for the determination on time is not explicitly indicated. Let D and I denote

ofa(x,t): respectively the set of nodes where x-displacements are
A and are not prescribed; a similar procedure is used for y-

A(x)a(x,t) = B(x)f(t), (28) and z-displacements. Writing the x-displacements of all

h nodes as {u}, we havewere

n { } { UD } [ <PDD <PDI ] { c)D}A(x) = :1:W(X-Xi)pT(Xi)p(Xi), U = UI = <PID <PII c)I. (33)

1=1 (29)
B(x) = [W(x -Xl)P(Xl), W(x -X2)P(X2),..., Solving the first of these equations for c)D, we obtain

W(X-Xn)P(Xn)]. { ",-I } [ ",-1", ]c)D 'l'DDuD -'I'DD'I'DI

Substitutionfora(x,t) from (28) into (24) gives {c)}={c)I}= 0 + I {c)I}, (34)

fh(x t) = E <P .(x)J.(t) (30) where 0 and I are the null and the identity matri-
, j= 1 J J , ces respectively. Substitution from (34) into (17)
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and the premultiplication of the resulting equation by from (37) and the known solution at time t. One can thus
[ -'I'D1'1'DI ] T 0 march forward in time.

I gIve The Wilson-9 method assumes that the acceleration

varies linearly in the time interval [t, t + 9At] where
[KlJ] {OJ} + [MlJ]{~J} = {PI}, , (35) 9?: 1 and is usually taken as 1.37. Thus

where ~t+9& = (1 - 9 )~t + 9~t+&,

-1 T -1 ot+9& - °t 92At.ot+& (2 )92At.ot [KlJ]= [-'I'D;'I'DI] [KlJ] [-~D;~DI] , 0 - 0 + TO + e -1 ~O: (39)

-1 T -1 ot+9& = ot + 9At3t + ~92 At2gt + ~gt+& 0

[MlJ]= [-'I'D;'I'DI] [MlJ] [-~D;~DI] , 6 6

-1 T -1 T -1 The method is unconditionally stable for 9 ?: 1.37. Equa-
{PI}:;=[ -'I'DD'I'DI

] {FJ}_
[ -'I'DD'I'DI

] [KlJ]
{ ~DDUD} tions (35) are written at time t+9At, equations (39)1

I I 0 oot+&
are used and the resulting equations are solved for 0 .- [ -'I'D}'I'DI] T [MlJ] { ~DgUD } 0 Then equations (40) are used to evaluate ot+& and 3t+&.

(36) ot+& = ot + 3t At + (2gt + gt+&) ~
6

For the free vibration problem matrices [KlJ] and [MlJ] in 3t+& - 3t (gt+& ~t)~
equations (22) and (23) can be similarly modified. - + + 2 . (40)

4.4 Numerical Integration of ODEs 5 Computation and Discussion of Results

1\\10 techniques, namely, the Newmark family of meth- When computing numerical results the region Sa associ-
ods and the Wilson-9 method have been employed to ated with node a is set equal to a circle of radius ha with
integrate equations (35) subject to the initial conditions. center at Xa; it preserves the local character of the MLPG
In the Newmark family of methods, displacements ot+& formulation. Integrals appearing in equations (18)-(20)

and velocities 3t+& at time t + & are related to their val- are evaluated by using a 9 x 9 Gauss quadrature rule.
ues at time t by The MLS basis functions ~J in equation (31) are found i

for each Gauss quadrature point xQ.
ot+& = ot + &3t + ~ (( 1 - 2J3)5 + 2J3gt+&), The following boundary conditions are imposed at a sim-

2 A. (37) ply supported (S), a clamped (C) and a free (F) edge.
3t+& = 3t +At((I-y)~t +y~t+"'),

S: O"n = 0, v = w = 0 on x = 0, a;
where parameters J3 and y control the accuracy and the 0" = 0 U = W = 0 on y = 0 b;
stability of the integration scheme and At is the uniform C yy , 0 0 '

0 b (41). u-v-w- on x- a' y- .time increment. The Newmark family of methods is un- . - - - - , , - , ,
conditionally stable if F: O"n = O"yx = O"zx = 0 on x = 0, a;

O"yy = O"xy = O"zy = 0 ony = O,b.
1 1(1 )2

y?: :2 and J3 ?:"4 :2 +y (38) Henceforth S will be used to denote a simply supported

edge and not the midsurface.
and second-order accurate for y = ! only; otherwise it is Unless otherwise noted, we have set c = 15, K = 5, i
first-order accurate. Here we use y= 0.5 and J3 = 0.25; M = 196 and m = 15. Complete monomials of degree I
thus the integration scheme is unconditionally stable and 4 are employed to generate the MLS basis functions.
non-dissipative. A way to use this algorithm is to solve Equal number of nodes, as shown in Fig. 2, are uniformly

equations (35) for ~t+& and then find ot+& and 3t+& placed in the x and y-directions.
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of the in-plane vibration mode shapes
. . . . . . . . . . . m1tX , n1ty

u(x,y,z) = Umncos-sm- b 'a
,m1tX n1ty (44). . . . . . . . . .. v(x,y,z) = Vmnsm~cosb'

. . . . . . . . . .. w(x,y,z) = O.

. . . . . . . . . . . h ' h 0 0 ' db S " dw en eIt er m = or n = were Ill1sse y nmvas an

. . . . . . . . . .. Rao. In equation (43) G is the shear modulus. The am-

. . . . . . . . . .. plitudes Umn and Vmn of in-plane modes satisfy the con-
straint

. . . . . . . . . .. bUmnm+aVmnn=O. (45)

', ,For either m = 0 or n = 0, the amplitudes U on and V mO are. . . . . . . . . .. unconstrained.
,

The frequency equation (22) is solved by the three-
Figure 2 : Locations of uniformly distributed nodes on term look-ahead Lanczos algorithm developed by Freund
the midsurface (1994). This method was found to be more accurate and

efficient than some of the others we tried.

Results are presented in terms of the nondimensional fre-
5 1 ~T I v' quency ro related to the dimensional frequency co by. l'¥atura ~'requencles

We compute natural frequencies of a homogeneous plate ro = coh fi, (46)
made of either an isotropic or an orthotropic material and V E
compare them with either the analytical solution of S~ni- where E is Young's modulus. For an isotropic square
vas and Rao (1970) as augmented by Batra and Aim- plate with a = 250 mm h/a = 0.1 and Poisson's ratio
manee ,(20031 or with those ~btained by the anal~sis of = 0.3, Table 1 compare; the presentiy computed flexural
the 3-di~ensio~al pro~lem With th~ ~M and/or wIth re- frequencies with those obtained by other researchers and
suIts ava1labl,e m the literat~re. Sn~ivas.and Rao (! 970) also by the FE analysis of the three-dimensional problem
found analytically frequencies of Vibrations of a simply with the commercial code IDEAS. The FE results were
supported plate by assuming that computed with a uniform 40 x 40 x 4 20:'node brick ele-

ment mesh with 4 elements in the thickness direction. We( ) Eoo iro t T T ( ) m1tX, n1ty employed the consistent mass matrix with both the FE
u x y Z t = e mn U, Z cos - sm - . ,, " m n-i mn a b ' and the MLPG formulations. It is clear that the MLPG

, - .
00 results agree very well With those of other researchers.

v(x,y,z,t) = E eiromntvmn(Z) sin~cos~, (42) Kant's (2001) results are based on his model 2. A shear
m,n=l a correction factor of 5/6 is used in computing results with

( ) - f iromntTIT ( ) , ~ . ~ the Whitney-Pagano's theory. However, no such correc-w x,y,z,t - LI e ffmn Z sm sm. 'c' d . h .bl HOSNDPTm,n=l a b tIon lactor is use m t e present compatI e .
Frequencies listed in Table 1 are not the 13 lowest fre-

For an isotropic simply supported plate, Batra and Aim- quencies but are :req~enci~s ~orresponding to the flex-
manee (2003) have recently found that frequencies ural modes of vibration sigmfied by the values of m

and n. These are identified by looking at the mode
i/2 shape~ comput~d with the FEM. The first 10 l~west fre-

= ( ~ + ~ ) {(j (43) quenci'es of a simply supported square plate wIth h/a =
comn a2 b2 y p' 0.1,0.2,0.3,0.4and 0.5 obtained with the MLPG and the
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Table 1: Natural frequencies ro = rohv!PTi of a SSSS isotropic square plate with v = 0.3, and h/a = 0.1.
MLPG Srinivas et at. Kant et at. FEM Whitney-Pagano Senthilnathan et at.

No. m n

(Consistent mass) (1970) (2001) (I-Deas) (1970) (1987)
1 1 1 0.0578 0.0578 0.0578 0.0577 0.0577 0.0577
2 1 2 0.1391 0.1381 0.1381 0.1379 0.1377 0.1377
3 2 2 0.2133 0.2122 0.2122 0.2118 0.2112 0.2112
4 1 3 0.2606 0.2587 0.2587 0.2583 0.2573 0.2574
5 2 3 0.3214 0.3249 0.3250 0.3242 0.3229 0.3230
6 1 4 0.3973 0.4075 0.4076 0.4063 0.4044 0.4046
7 3 3 0.4226 0.4272 0.4274 0.4259 0.4238 0.4241
8 2 4 0.4651 0.4658 0.4661 0.4643 0.4618 0.4622
9 3 4 0.5456 - 0.5577 0.5548 0.5517 0.5525
10 1 5 0.5632 0.5748 0.5752 0.5723 0.5689 0.5697
11 2' 5 0.6154 - 0.6265 0.6148 0.6192 0.6202
12 4 4 0.6909 0.6753 0.6759 - 0.6676 0.6688
13 3 5 0.7066 - 0.7002 - 0.6989 -

Table 2 : First ten natural frequencies ro = rohv!PTi for a SSSS isotropic square plate with v = 0.3. An * indicates
the frequency of an in-plane mode of vibration.

h/a= 0.1- h/a = 0.2 h/a = 0.3 h/a = 0.4 ~a = 0.5
No Hatra- Hatra-

Aimmanee Aimmanee
MLPG FEM (2003) MLPG FEM MLPG FEM MLPG FEM MLPG FEM (2003)

1 0.0578 0.0578 0.0578 0.2122 0.2122 0.4273 0.4273 0.6753 0.6754 0.9401 0.9403 0.9401
2 0.1391 0.1381 0.1381 0.3897* 0.3897* 0.5845* 0.5845* 0.7793* 0.7793* 0.9741* 0.9742* 0.9742
3 0.1391 0.1381 0.1381 0.3897* 0.3897* 0.5845* 0.5845* 0.7793* 0.7793* 0.9741* 0.9742* 0.9742
4 0.1948* 0.1948* 0.1949 0.4675 0.4659 0.8276* 0.8266* 1.1035* 1.1021* 1.3793* 1.3777* 1.3777
5 0.1948. 0.1948* 0.1949 0.4675 0.4659 0.8733 0.8713 1.3051 1.3028 1.7438 1.7416 1.7406
6 0.2133 0.2122 0.2122 0.5517~ 0.5511* 0.8734 0.8713 1.3051 1.3028 1.7438 1.7416 1.7406
7 0.2606 0.2587 0.2587 0.6772 0.6754 1.1698* 1.1690* 1.5598* 1.5587* 1.9497* 1.9483* 1.9483
8 0.2606 0.2587 0.2587 0.7799* 0.7793* 1.1700* 1.1690* 1.5600* 1.5587* 1.9500* 1.9483* 1.9483
9 0.2759* 0.2755* 0.2757 0.7799* 0.7793* 1.2157 1.2133 1.7470* 1.7426* 2.1783~ 2.1783* 2.1783
10 0.3214 0.3249 0.3249 0.8014 0.7990 1.3103* 1.3070* 1.7470* 1.7426* 2.1783* 2.1783. 2.1783
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Table 3: Natural frequencies ro = rohJ~ of a SSSS square orthotropic plate with h/ a = 0.1 and Dll = 160GPa

N MLPG Srinivas et al. Kant et al. FEM Whitney-Pagano Senthilnathan et al.
o. m n

(Consistent mass) (1970) (2001) (I-Deas) (1970) (1987)
I 1 1 1 0.0477 0.0474 0.0474 0.0477 0.0476 0.0478

".

! 2 1 2 0.1028 0.1033 0.1033 0.1021 0.1041 0.1049
~~ 3 2 1 0.1236 0.1188 0.1188 0.1227 0.1188 0.1198"" 4 2 2 0.1729 0.1694 0.1694 0.1721 0.1698 0.1726

5 1 3 0.1850 0.1888 0.1888 0.1828 0.1905 0.1919
6 3 1 0.2172 0.2180 0.2181 0.2169 0.2178 0.2197
7 2 3 0.2439 0.2475 0.2476 0.2459 0.2485 0.2533
8 3 2 0.2727 0.2624 0.2625 0.2754 0.2623 0.2677
9 1 4 0.3066 0.2969 0.2969 0.2811 0.2994 0.3012
10 4 1 0.3307 0.3319 0.3319 0.3372 0.3340 0.3340
11 3 3 0.3371 0.3320 0.3320 0.3406 0.3321 0.3414
12 2 4 0.3441 0.3476 0.3476 0.3449 0.3491 0.3558
13 4 2 0.3733 0.3707 0.3707 0.3649 0.3698 0.3775

Table 4 : First ten natural frequencies ro = rohJP/E for a CCCC isotropic plate with v = 0.3.
No h/a = 0.1 h/a = 0.2 h/a = 0.3 h/a = 0.4 h/a = 0.5

MLPG FEM MLPG FEM MLPG FEM MLPG FEM MLPG FEM
1 0.0999 0.0992 0.3272 0.3260 0.5975 0.5965 0.8780 0.8775 1.1592 1.1595
2 0.1909 0.1896 0.5736 0.5708 0.9908 0.9882 1.4099 1.4080 1.8262 1.8252
3 0.1909 0.1896 0.5736 0.5708 0.9909 0.9882 1.4099 1.4080 1.8262 1.8252
4 0.2673 0.2660 0.7506 0.7496 1.1270 1.1261 1.5036 1.5027 1.8798 1.8790
5 0.3144 0.3137 0.7507 0.7496 1.1271 1.1261 1.5036 1.5027 1.8798 1.8790
6 0.3171 0.3167 0.7706 0.7676 1.3088 1.3054 1.7799 1.7777 2.2251 2.2225
7 0.3749 0.3740 0.8804 0.8760 1.3347 1.3330 1.8499 1.8470 2.3912 2.3891
8 0.3749 0.3740 0.8897 0.8881 1.4766 1.4699 2.0794 2.0713 2.6861 2.6772
9 0.3807 0.3797 0.8897 0.8881 1.5023 1.4915 2.1141 2.1007 2.7111 2.7114
10 0.3807 0.3797 1.0388 1.0403 1.6371 1.6365 2.1777 2.1775 2.7280 2.7127

Table 5 : First ten natural frequencies ro = rohJP/E for a SCSC isotropic plate with v = 0.3. An * indicates the

frequency of an in-plane mode of vibration.
No h/a = 0.1 h/a = 0.2 h/a = 0.3 h/a = 0.4 h/a = 0.5

MLPG FEM MLPG FEM MLPG FEM MLPG FEM MLPG FEM
1 0.0816 0.0812 0.2747 0.2740 0.5134 0.5129 0.7697 0.7696 0.9741* 0.9742*
2 0.1507 0.1494 0.3897* 0.3897* 0.5845* 0.5845* 0.7793* 0.7793* 1.0341 1.0344
3 0.1820 0.1808 0.4899 0.4879 0.8978 0.8954 1.3281 1.3256 1.7264 1.7256
4 0.1948* 0.1948* 0.5519 0.5495 0.9614 0.9590 1.3793 1.3775 1.7649 1.7627
5 0.2417 0.2405 0.6895 0.6888 1.0349 1.0341 1.3805 1.3798 1.7997 1.7987
6 0.2674 0.2644 0.7230 0.7205 1.0978 1.0968 1.4586 1.4574 1.8132 1.8117
7 0.3110 0.3103 0.7333 0.7325 1.1699* 1.1690* 1.5599* 1.5587* 1.9498* 1.9483*
8 0.3400 0.3421 0.7799* 0.7793* 1.2586 1.2556 1.8065 1.8038 2.1783 2.1787
9 0.3445 0.3440 0.8117 0.8074 1.3876 1.3888 1.8503 1.8520 2.3130/ 2.3153
10 0.3635 0.3640 0.8782 0.8722 1.4234 1.4170 2.0457 2.0375 2.3564 2.3541



528 Copyright@ 2003 Tech Science Press CMES, vol.4, no.5, pp.519-534, 2003

Table 6 : First ten natural frequencies ro = rohyfPlE for a CFCF isotropic plate with v = 0.3.

No h/a=O..1 h/a=0.2 h/a=0.3 h/a=0.4 h/a=0.5
MLPG FEM MLPG FEM MLPG FEM MLPG FEM MLPG FEM

.1 0.0633 0.0629 0.2.158 0.2.152 0.4047 0.4038 0.6029 0.6024 0.8025 0.8024
2 0.0740 0.073.1 0.2448 0.2435 0.4490 0.4478 0.6596 0.6587 0.868.1 0.8675
3 0..1.186 0..1.172 0.3568 0.3557 0.5355 0.5338 0.7.143 0.7.12.1 0.8933 0.8905
4 0..1620 0..1609 0.3835 0.38.14 0.7038 0.70.17 .1.0466 .1.0455 .1.400.1 .1.3980
5 0..1752 0..174.1 0.4939 0.49.1.1 0.8547 0.8520 .1.2.142 .1.2.122 .1.5692 .1.5679
6 0..1783 0..1777 0.53.12 0.5272 0.9207 0.9.160 .1.2809 .1.2786 .1.6025 .1.6000
7 0.2046 0.208.1 0.6386 0.6370 0.9595 0.9575 .1.3.123 .1.3.100 .1.6403 .1.6375
8 0.2.192 0.2.198 0.6469 0.6492 0.9843 0.9826 .1.3.149 .1.3.10.1 .1.7099 .1.7056
9 0.29.12 0.2907 0.6555 0.653.1 .1.0533 .1.05.14 .1.3992 .1.3968 .1.7389 .1.7359
.10 0.302.1 0.3008 0.6562 0.6550 .1..1384 .1..13.18 .1.5805 .1.5785 .1.95.15 .1.948.1

FE methods are listed in Table 2 where frequencies of and Aimmanee (2003) have pointed out that the in-plane
in-plane modes of vibration are marked with an asterisk. modes of vibration (44) are admissible in a simp.1y sup-
Liew et al. (.1995) analyzed free vibrations of a thick ported orthotropic p.1ate. However, we did not attempt to
rectangular plate and listed a few of the in-plane modes find the first .10 natural frequencies.
of vibration for simply supported edges. It is clear that We have listed in Tables 4-6 the first .1 0 natural frequen-
as the plate gets thicker, more of the in-plane modes of cies for an isotropic plate with different edge conditions
vibration have frequencies lower than the third flexural andh/a=0..1,0.2,0.3,0.4andO.5. For each one of these
mode of vibration. For a square plate, m = 0, n = .1 and .15 cases, the MLPG solution of the HOSNDPT is very
m = .1, n = 0 give the same frequency but have different close to the 3-dimensional analysis of the problem by the

mode shapes. The in-plane modes of vibration are not FEM. Frequencies of in-plane modes of vibration of a
predicted by a plate theory, such as the classical one, that SCSC isotropic plate are marked with an asterisk in Ta-
neglects Uo and vo. ble 5; these modes are absent for the other two edge con-

In order to compute natural frequencies of a simply sup- ditions studied.
ported orthotropic square plate, we take elastic constants We now delineate the effect of different parameters on
for Aragonite given by Srinivas et al. (.1970). the frequencies computed with the MLPG method for a

simply supported isotropic square plate with h/a = 0.2.
.160 37.3 .1.72 0 0 0

86.87 .15.72 0 0 0
D = 84.8.1 0 0 0 GP .

25.58 0 0 a
Sym 42.68 0 5.1.1 Order of the Plate Theory

42.06
(47) Figure 3 exhibits the dependence of the four flexural or

bending frequencies upon the order K of the plate the-
Table 3 lists frequencies of different flexural modes ob- ory. Results were computed by using 9 x 9 = 8.1 Gauss
tained by various methods. It is interesting to note that quadrature points and .169 uniformly distributed nodes.
frequencies computed with the MLPG method and em- These results show that K = 2 gives very good results for
ploying only .196 nodes are closer to the analytical solu- the first bending frequency, K = 3 for the second, K = 4
tion than those obtained with the FEM and much larger for the third and the fourth. Additional results presented
number of nodes. For the HOSNDPT, there are 3(K +.1) in Tables .1 through 6 revealed that K = 5 will give very
unknowns at each node. The number of degrees of good results even for plates of aspect ratio h/a = 0.5.
freedom in the 3-dimensional FE analysis of the prob- As noted earlier, the number of unknowns at each point
lem is significantly more than that in the MLPG. Batra equals 3(K + .1).
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Figure 3 : Bending frequencies of the plate vs. the order Figure 4 : Convergence of the bending frequency of the
K of the plate theory. plate with the increase in the total number of nodes.

0.8 G-- e e -E>
5.1.2 Number of Nodes

0.7
For a 5th order plate theory, the dependence of the first <)- eo e ~

four flexural frequencies upon the total number of nodes .~ 0.6

equispaced in the x- and the y-directions is depicted in ~
='

Fig. 4. Whereas the first four bending frequencies can ~ 0.5

be accurately computed with 144 nodes, 169 nodes were.~ A A A ~

needed for obtaining higher frequencies for a square plate '5 0.4
of aspect ratio 0.5. ~

o.

5.1.3 Number of Monomials used to find the MLS basis
. 0 13 8 8 EJfunctzons .

5 10 15

Since the bending modes for higher frequencies involve No. of monomials

more complex deformation fields than those for lower . 1slfrequency . 2nd frequency
. .. 3rd frequency e 4th frequency

modes, It would seem that more number of monoffilal

terms used to find the MLS basis functions will help. Re- Figure 5 : Bending frequency of the plate vs. number of

suIts plotted in Fig. 5 and additional ones included in Ta- monomials in the MLS basis function.

bles 1-6 suggest that m = 15 suffices. This value of m

corresponds to complete monomials of degree 4.

volve complicated deformation patterns.

5.1.4 The Scaling Parameter c

5.1.5 Number of Quadrature Points
It is clear from results evinced in Fig. 6 that the depen-

dence of the first four bending frequencies upon c is not We have plotted in Fig. 7 the variation of the first

monotonic. Whereas c = 10 provides very good values four bending frequencies with the number of quadrature

of the first two flexural frequencies, c = 15 is needed for points used to evaluate various integrals in the MLPG

computing accurately the higher frequencies which in- formulation. 36 quadrature points suffice for computing

l.-

I
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~ ~ the Wilson-e method with e = 1.37. Thus both integra-
o. ~¥ft~~~/A ,G-ef"" - '-' ~ e- ef' A - '-' tion techniques are unconditionally stable. Results com-

o. puted with the MLPG method are compared with those
obtained from the 3-dimensional analysis of the problem

.g 0.6 by using the commercial FE code ANSYS and a uniform
=
§. mesh of 20 x 20 x 3 20-node brick elements. We used
~ 0.5 ~ }!-A-A,-A- A A A the consistent mass matrix with the MLPG method and

-! y a lumped mass matrix in the FE analysis of the problem.! 0.4 The material and geometric properties used are the same

o. as for the free vibration problem. We have compared the
time histories of the centroidal deflection w of the plate

o. [3 8 8 8 8 8 8 8 8 8 EJ and of the axial stress ax;x at the centroid of the top sur-

4 16 face of the plate computed by the two methods and for
Scaling panuneter each of the two time-dependent pressure loads = qOg(t)

: ~::;:~:~~~ : :t~d::~~:; applied on the top surface. These quantities are nondi-
mensionalized as

Figure 6 : Bending frequency of the plate vs. the scaling
parameter, c. - = 100Eh3 - - (~)2 ~

w 12 4
(1 2)w, ax;x - . (48)

qoa -v a qo

0.8 G-- e e e E>
5.2.! Simple Harmonic Load

0.7
.()- $ $ $ ~ We first set g(t) = sin5000t and & = 2.0 x 10-7s for the

.g 0.6 Newmark and the Wilson-e methods. For K = 5, M =
=
§. 169, m = 15, NQ = 81 and c = 15, the computed cen-
~ 0.5 troidal deflection and the axial stress vs. time t are plot- ,
-! A. A A .A. A ted in Figs. 8 and 9 respectively. For most values of t i

! 0.4 the three curves in both Figs. overlap. One can thus con-

clude that the MLPG solution agrees very well with the
0.3

FE solution. The axial stress at the centroid of the top
0.2 13 8 8 8 EI surface was computed with the plate equations.

20 90
No. of Gauss poinls 5.2.2 Transient Load

. 1 5t frequency . 2nd frequency

. 3rdfrequency 8 4th frequency We now set g(t) = H(t - 0) - H(t - 2 X 10-3s) where

Figure 7 : Bending frequency of the plate vs. number of H is a Heaviside step function. Thus a uniform pressure
Gauss points. qo is applied to the top surface of the plate for the first

2 ms. The MLPG method is used to compute the tran-
sient response with and without damping but no damp-

the 4th flexural frequency. Our experience with comput- ing was used in the ~ analysis. The damp~~ matrix in
ing results for plates of different aspect ratios and higher the MLPG formulatIon equaled 0.005 Is" v_V dS where

frequencies suggests that 64 Gauss points without any vT is the matrix of test basis functions and V the matrix
partitioning of the domain of integration are sufficient. of trial basis functions. The time step was set equal to

2 x 10-7s for the MLPG and the FE solutions. Time his-
5.2 Forced Response of a Plate tories till t = 5 ms of the centroidal deflection and the

axial stress at the centroid of the top surface of the plate
The forced response of a clamped square isotropic plate have been plotted in Figs. 10-13; results in Figs. 10 and
with hi a = 0.1 has been analyzed by the Newmark fam- 11 are without damping, and those in Figs. 12 and 13
ily of methods with 13 = 0.25 and 'Y = 0.5 and also by are with damping. Again the MLPG solution with the
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Figure 10: Centroidal deflection vs. time (The three
o. ! I curves are hardly distinguishable).
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Figure 9 : Axial stress at the centroid of the top surface
(The three curves are very close to each other) vs. time Time (ms) 5

-Newmark Wilson-theta - FEM

HOSNDPT matches very well with the FE solution of Figure 11 : Axial stress at the centroid of the top surface
the corresponding 3-dimensional problem. vs. time (The three curves are very close to each other).

6 Conclusions
Computed frequencies and the transient response un-

We have used the MLPG method and a higher order shear der time-dependent loads are found to agree very well
and normal deformable plate theory to study the natural with the corresponding results available in the litera-
frequencies and the forced response of a rectangular plate ture and also computed by the FE analysis of the three-
subjected to different edge conditions. No shear correc- dimensional problem. For the same accuracy of results,
tion factor is used, and all domain integrals are evaluated the number of degrees of freedom employed with the
by using the full quadrature rule. Transverse stresses are MLPG method is considerably less than that with the
evaluated from equations of the plate theory. FEM. Whereas the MLPG method requires only the 10-
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0.2 . computed by the MLPG method do not exhibit this prop-

erty.
Newmam F . .bl 1. 1 . .al fi fr-. -. -. - Wilson-theta or an mcompressl e mear e asnc maten , cst ten e-

0.1 quencies for a simply supported square plate computed
=

-.e by the MLPG method and the HOSNDPT are compared
~ below in Table 7 with the analytical solution of Srini-
~ vas and Rao (1970) augmented by Batra and Aimmanee
'C

] (2003). It is clear that the present approach does not ex-a -0.1 hibit the locking phenomenon prevalent in the FEM.
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