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The initiation and propagation of adiabatic shear bands (ASBs) in functionally graded
materials (FGMs) deformed at high strain rates in plane-strain tension have been
studied. An ASB is a narrow region, usually a few micrometers wide, of intense plastic
deformation that forms after softening of the material due to its being heated up and the
evolution of damage in the form of porosity has overcome its hardening due to strain
and strain-rate effects. An FGM is usually composed of two or more constituents with
material properties varying continuously through it; the one studied here is made of
tungsten particles interspread in a NiFe matrix. Each constituent and the composite
are modeled as heat-conducting, microporous, strain and strain-rate hardening, and
thermally softening materials with material parameters of the composite derived from
those of its constituents by the rule of mixtures. They obey the JohnsonCook thermoviscoplastic relation, the Gurson-type flow potential, the associated flow rule, and a
hyperbolic heat equation. The degradation of thermophysical parameters with the evolution of damage is accounted for with porosity representing the damage. With origin at
the centroid of a square cross section, the volume fraction of each phase is assumed to
vary radially until a boundary point on the square cross section is reached and then to
stay constant. It is found that an ASB, aligned along the direction of the maximum
shear stress, forms sooner in an FGM than in either of the two constituent materials
with its location, orientation, pattern, and speed depending on the compositional profile.
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Tresca [1] observed hot lines now called adiabatic shear bands (ASBs) during the hot
forging of a platinum bar; they were subsequently also observed by Massey [2]. Even
though heat conduction plays a significant role in determining the width of an ASB
and possibly spacing between adjacent bands, the adjective adiabatic is used to signify that they form rapidly in a body deformed at a high strain rate and that there
may not be enough time for the heat to be conducted away. Their study is important
because they precede ductile fracture. The research activity in ASBs increased subsequent to Zener and Hollomon observing them [3] during the punching of a hole
in a steel plate. They also postulated that a material point becomes unstable when
thermal softening equals the combined hardening due to strain and strain-rate
effects. Several earlier investigations (e.g., see [4]) have used this criterion to determine the average strain at the time of initiation of an ASB and to rank materials
according to their susceptibility to shear banding; under identical loadings a material
in which an ASB forms sooner is more susceptible to shear banding. Bai [5] studied
simple shearing deformations of a homogeneous thermoviscoplastic body, neglected
elastic deformations, perturbed the homogeneous solution of the governing equations, and hypothesized that an ASB forms when infinitesimal perturbations grow.
Batra and Chen [6] have shown that this approach gives the same result as that
proposed by Zener and Hollomon [3]. Experimental observations of Marchand
and Duffy [7] on the torsion of thin-walled tubes have revealed that an ASB forms
much later than when the shear stress peaks and is accompanied by a rapid drop in
the torque required to deform the tube. Numerical solutions of simple shearing,
plane-strain, and axisymmetric problems [8] and torsional deformations of a thinwalled tube [9] have confirmed that the load-carrying capacity of a member drops
significantly upon the formation of an ASB. Much of the literature on ASBs can be
found in two books [10, 11], a review paper [12], and special issues of journals [1317].
One of the earlier papers on functionally graded materials (FGMs) is that of
Hasselman and Youngblood [18], who showed that the thermal stress resistance of
a structural ceramic can be enhanced by properly grading the thermal conductivity.
Most works on FGMs have analyzed thermoelastic deformations of platelike structures (e.g., see [1829]), and those on ASBs have focused on analyzing their
initiation and propagation in a homogeneous body. We note that Batra and Zhu
[3032] studied ASBs in a laminated composite body. Here we analyze the problem
for an FGM composed of two constituents with the compositional profile and,
hence, material properties varying continuously in a cross section. A goal is to find
compositions that either enhance or delay the initiation of an ASB. Whereas in a
monolithic body, deformations become inhomogeneous due to the interaction of
waves reflected from boundaries with the incident waves, in an FGM the additional
source of nonuniform deformations is the spatial variation of material properties. In
an FGM composed of particulates in a matrix, waves are also reflected from numerous interfaces between the two phases. The interaction among waves and the sudden
change in properties of two constituents give inhomogeneous deformations of the
body. However, here a functionally graded (FG) body with continuous variation
of material properties is considered. Thus, the wave speed varies continuously from
point to point and waves are reflected only from the boundaries. The deformations
are inherently inhomogeneous.
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It is found that the compositional profile noticeably affects the time of initiation,
the direction of propagation, and the material point from where an ASB forms
relative to that in a homogeneous body composed of each constituent. Furthermore,
an ASB forms sooner in an FGM than in either one of the two constituents. Thus,
materials of desired susceptibility to adiabatic shear banding can be designed.

FORMULATION OF THE PROBLEM
Governing Equations
We use rectangular Cartesian coordinates and the referential description of motion
to describe transient coupled thermomechanical deformations of an elastothermoviscoplastic FG body deformed at a high strain rate in plane-strain tension. Deformations of each constituent and the composite body are governed by the following
equations expressing, respectively, the balance of mass, the balance of linear momentum, the balance of moment of momentum, and the balance of internal energy.
qð1  f ÞJ ¼ q0 ð1  f0 Þ
q0 ð1  f0 Þ_vi ¼ Tia;a

i; j ¼ 1; 2;

ð1Þ
a ¼ 1; 2

ð2Þ

Tia Fja ¼ Tja Fia

ð3Þ

q0 ð1  f0 Þ_e ¼ Qa;a þ Tia F_ ia

ð4Þ

where q is the present mass density, f is the porosity (i.e., the volume fraction of
voids), J ¼ det F; Fia ¼ xi;a ¼ @xi =@Xa is the deformation gradient, x is the present
position at time t of a material particle located at the place X in the reference configuration, T is the first PiolaKirchhoff stress tensor, e is the specific internal
energy, Q is the present heat flux measured per unit reference area, v is the velocity
of a material particle, a superimposed dot indicates the material time derivative, and
a repeated index implies summation over the range of the index. Greek indices refer
to coordinates in the reference configuration, and Latin indices refer to coordinates
in the present configuration.
We assume that the strain-rate tensor D, defined by Dij ¼ ðvi;j þ vj;i Þ=2,
vi;j ¼ @vi =@xj , has the additive decomposition into an elastic part De and a plastic
part Dp , namely,
D ¼ De þ Dp

ð5Þ

Equations (1)(5) are supplemented with the following constitutive relations:
r_ ij þ rik Wkj  rjk Wik ¼

Eð1  f Þ e
Eð1  f Þm
Dij þ
ðDe  a^h_Þdij
1þm
ð1 þ mÞð1  2mÞ kk

e_ ¼ csh€ þ ch_ þ

1
rij Deij
qð1  f Þ

ð6Þ
ð7Þ
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Tia ¼ Jrij ðF 1 Þaj



3
qi ¼ j 1  f h;i
2

ð8Þ

Qa ¼ Jqi ðF 1 Þai

ð9Þ

 
r2e
b p

/  2  1 þ 2f b1 cosh 2
 b21 ðf  Þ2 ¼ 0
2ry
ry
3
r2e ¼ r0ij r0ij
2

Dpij

i; j ¼ 1; 2; 3

ð10Þ

"
  #
3r0ij f  b1 b2
@/
b p
_
_
¼k
¼k 2 
sinh 2 dij
@rij
2ry
ry
ry
p ¼ ðr11 þ r22 þ r33 Þ=3

8
p
>
< ð1  f Þry e_ e
k_ ¼ rij ð@/=@rij Þ
>
:
0

f ¼

p ¼ pHðp  0Þ

if / ¼ 0 and /_  0

ð11Þ

ð12Þ

ð13Þ

when either / < 0 or / ¼ 0 and /_ < 0

f2 e_ pe 12
ﬃe
f_ ¼ ð1  f ÞDpii þ pﬃﬃﬃﬃﬃ
s2 2p
8
<f

r0ij ¼ rij þ pdij

ep en 2
e

s2

fu  fc
ðf  fc Þ
: fc þ
ff  fc

Hðp  0Þ

ð14Þ

f  fc
f > fc


 p 

 
e_
h  hs m
ry ¼ ðA þ Bðepe Þn Þ 1 þ C ln ep
1
hm  h s
e_ 0

ð15Þ

ð16Þ

where the left-hand side of Eq. (6) equals the Jaumann derivative of the Cauchy
stress tensor r; Wij ¼ ðvi;j  vj;i Þ=2 is the spin tensor, E is Young’s modulus, v is
Poisson’s ratio, ^
a is the coefficient of thermal expansion, h is the temperature rise,
dij is the Kronecker delta, c is the specific heat, s is the thermal relaxation time, j
is the thermal conductivity of the solid material, and h is the present temperature
of a material particle. Batra and Jaber [33] found that the Jaumann and the
GreenNaghdi stress rates in Eq. (6) give virtually identical results for the times
of initiation of an ASB and of brittle failure at points near the surface of a notch
tip in a dynamically loaded prenotched plate. This is because elastic strain rates
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appearing in Eq. (6) are small compared to the plastic strain rates at points within an
ASB. / ¼ 0 describes the yield surface proposed by Gurson [34] for a porous
material, p is the hydrostatic pressure, and f  is the modified value of the porosity
given by Eq. (15). Gurson’s yield surface is based on quasi-static analysis with the
matrix material modeled as rigid perfectly plastic and obeying the von Mises yield
criterion. Wang and Jiang [35] have considered inertia effects. Wang [36] has analyzed transient deformations of a single spherical void in a solid spherical shell made
of a power-law heat-conducting viscoplastic material. For a microporous material,
Wang [36] derived an approximate expression for the macrostress potential through
an upper bound approach. Constants b1 and b2 , introduced by Tvergaard [37], provide a better fit of results computed from a finite element analysis of the formation of
ASBs in a plate having an array of large cylindrical voids with test observations, and
k_ is the factor of proportionality defined by Eqs. (13); k_ > 0 only when the material
point is deforming plastically; ry is the current yield stress of the material whose
dependence on the effective plastic strain epe , the effective plastic strain rate e_ pe , and
the temperature h is described by JohnsonCook [38] relation (16) in which A, B,
C, e_ pe , and m are material parameters, hs is the room temperature, and hm is the
melting temperature of the material. Parameters B and n characaterize the strain
hardening of the material, C and e_ p0 characterize the strain-rate hardening, and the
last factor on the right-hand side of Eq. (16) is thermal softening. Equation (14) gives
the evolution of porosity; the first term on its right-hand side is derived by assuming
that the matrix is incompressible and the elastic dilatation is negligible compared to
the plastic dilatation, and the second term is the strain-based nucleation of voids
introduced by Chu and Needleman [39]. f2 ; s2 , and en are material parameters; the
rate of nucleation of voids is highest when epe equals en and decays exponentially with
the difference between epe and en . H is the Heaviside step function. Thus, the second
term contributes to the evolution of porosity at a point only when the hydrostatic
pressure there is tensile. To account for the coalescence of neighboring voids,
Tvergaard and Needleman [40] enhanced the porosity, as given by Eq. (15), after
it reaches its critical value fc. In Eq. (15), ff is the porosity at ductile fracture, and
fu ¼ 1=b1 is the porosity when the yield surface has shrunk to a point. Equations
(10) and (16) imply that the radius of the von Mises yield surface increases due to
strain and strain-rate hardening of the material but decreases due to the softening
induced by the temperature rise and the increase in porosity. The degradation of
material properties due to the damage, taken here to be synonymous with the
porosity, is indicated by Eqs. (6)(10). The affine variation with the porosity of
Young’s modulus, the bulk modulus, the stresstemperature coefficient, and the
heat capacity implies that the rule of mixture has been employed to find their
effective values; the expression for the thermal conductivity in Eq. (9) is due to
Budiansky [41]. The interaction, if any, among neighboring voids has been tacitly
ignored. Jiang and Batra [42], among others, have considered this interaction. The
shrinkage of the yield surface due to an increase in porosity described by Eq. (10)
can be seen by plotting the yield surface for two different values of f while keeping
other variables fixed. Perzyna [43] has given a different equation for the evolution of
porosity.
For an FG body, all thermophysical parameters may vary with X.
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Substitution from Eqs. (5), (7), and (9) into Eq. (4) gives the following
hyperbolic heat equation:
 
 
3
q0 ð1  f0 Þcðs€
h þ h_ Þ ¼ j 1  f h;a ;a þ Jrij Dpij
ð17Þ
2
The term Jrij Dpij equals the heating due to plastic working per unit volume in the
reference configuration; thus, the TaylorQuinney parameter has been taken as 1.
Except for a delay in the time of initiation of an ASB, other results remain unaffected
by a lower value of the TaylorQuinney factor. The form of hyperbolic heat
equation (17) is due to Cattaneo [44] and Vernotte [45]. The thermal relaxation time
s represents the time required to establish a steady state of heat conduction in an
element suddenly exposed to heat flux. According to Chester [46] s equals
3j=qcV02 , where V0 is the speed of an elastic wave. Thus, for a typical steel,
s ¼ 1  1012 s, and s ’ 25  1012 s for copper. Batra and Lear [47] and Batra and
Chen [48] found that the finiteness of the thermal wave speed affects the time of
initiation of an ASB in a typical steel and the spacing between adjacent shear bands
only when s  10 6 s. Batra [49] considered higher order spatial and temporal gradients of temperature and derived a heat equation that admits finite speeds of thermal
waves. However, in such a material either a thermal wave propagates with a finite
speed or the linearized problem has a unique solution. Ideally, one likes to have
both.
We note that Batra and Kim [50], Batra and Jaber [33] and Batra and Chen [6]
have analyzed different aspects of shear banding with four different thermoviscoplastic relations, namely, the JohnsonCook [38], the LitonskiBatra (e.g., see
[51]), the BodnerPartom [52], and a power law. These relations were calibrated
to give nearly the same effective stress versus the effective strain curve during
homogeneous deformations of the body. However, during inhomogeneous deformations, each one of the relations gave qualitatively similar but quantitatively different
results. The decision to use the JohnsonCook relation here is based on the
availability of values of thermomechanical parameters for different materials.

Initial and Boundary Conditions
For a prismatic body having a uniform square cross section (i.e., volume fractions
of constituents are independent of the axial coordinate) and initial and boundary
conditions independent of the axial coordinate, it is reasonable to assume that a
plane-strain state of deformation prevails in the body. Furthermore, thermomechanical deformations are assumed to be symmetric about the two centroidal axes. Thus
the compositional profile has been tacitly assumed to be symmetric about the two
centroidal axes. Deformations of only a quarter of the cross section in the first quadrant, shown shaded in Figure 1, are analyzed with boundary conditions (18)1015
arising from the symmetry of deformations imposed at points on the centroidal axes.
The other vertical surface X1 ¼ H is taken to be traction free and thermally
insulated; see Eqs. (18)8,9. Normal velocity, null tangential tractions, and zero heat
flux are prescribed on the top horizontal surface X2 ¼ H; these are given
by Eqs. (18)1517. The prescribed normal velocity, given by Eq. (18)17, increases
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Figure 1. Schematic sketch of the problem studied.

linearly with time to its steady-state value v0 in 1 ms and is then held fixed. The body
is initially at rest, at a uniform temperature, and has zero initial porosity (cf. Eqs.
(18)17). Thus,
xðX; 0Þ ¼ X

vðX; 0Þ ¼ 0

hðX; 0Þ ¼ h0

epe ðX; 0Þ ¼ 0

f ðX; 0Þ ¼ f0 ðXÞ

qðX; 0Þ ¼ q0

ðX1 ; X2 Þ 2 ½0; H  ½0; H

T21 ¼ T11 ¼ 0

Q1 ¼ 0 on X1 ¼ H

T21 ¼ 0

v1 ¼ 0

Q1 ¼ 0 on X1 ¼ 0

T12 ¼ 0

v2 ¼ 0

T12 ¼ 0

h_ ðX; 0Þ ¼ 0

Q2 ¼ 0 on X2 ¼ 0
(
v0 t; 0  t  1 ms
Q2 ¼ 0 v2 ¼
v0 ; t  1 ms

ð18Þ

on X2 ¼ H

Nondimensionalization of Variables
Let qR ; e_ R ; H; r0 ; and hR be the reference mass density, the reference strain rate,
the reference length, the reference stress, and the reference temperature used to
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nondimensionalize quantities. Then in terms of nondimensional variables indicated
by the same symbols as before, Eqs. (2) and (17) become
aI ð1  f0 Þ_vi ¼ Tia;a
i ¼ 1; 2 a ¼ 1; 2
 

3
h þ h_ Þ ¼ at
1  f ha ;a þ Jrij Dpij
i; j ¼ 1; 2; 3
q0 ð1  f0 Þðs€
2

ð19Þ
ð20Þ

where
aI ¼

qR e_ 2R H 2
r0

at ¼

j
qR cH 2 e_ R

hR ¼

r0
qR cH 2 e_ R

ð21Þ

and aI and at are nondimensional measures of inertia and heat conduction effects,
respectively. For a given material, inertia effects are directly proportional to the
square of the reference strain rate and the square of the reference length, and heat
conduction effects are inversely proportional to the reference strain rate and the
square of the reference length. A possible choice for 2H is the length of a side of
the square cross section, and that for e_ R is v0 =H.

Homogenization of Material Properties
We first analyzed transient deformations of a representative volume element (RVE)
to evaluate effective properties of the composite as a function of the volume fraction
of constituents. Values of material parameters characterizing elastic deformations so
determined were found to match well with those given by the MoriTanaka [53]
scheme. However, values of material parameters characterizing the plastic deformation could not be satisfactorily determined from deformations of the RVE. We
thus use the rule of mixtures to evaluate values of all material parameters from those
of the constituents and their volume fractions. According to this rule, the value P of
a material parameter for a mixture composed of two consituents with volume fractions V1f and V2f and values P1 and P2 of the material parameter is given by
P ¼ V1f P1 þ V2f P2 ¼ ð1  V2f ÞP1 þ V2f P2

ð22Þ

which gives exact values of the mass density and the heat capacity, is simple to use,
and often gives an upper bound for values of other material parameters for the composite. It ignores interactions among adjacent particulates, their shapes and sizes,
and their distribution in the matrix.
Suquet [54] has given a closed-form expression for the yield stress of an isotropic
homogenized body made of isotropic elastic perfectly plastic constituents. The estimate of the yield stress involves effective shear modulus of the composite. For a
tungsten/NiFe FG body, the difference in the effective yield stress computed from
Suquet’s expression and that obtained by the rule of mixtures is less than 10%.

Semi-discrete Formulation of the Problem
Equations (6), (8), and (3) imply that the balance of moment of momentum (3) is
identically satisfied. The present mass density can be computed from Eq. (1) if the

1109

ADIABATIC SHEAR BANDS IN FGMS

deformation gradient and the current value of the porosity are known. Thus, the
dependent variables to be solved for are x; f , and h and the independent variables
are X and t. Equations (19) and (20) are second-order coupled non-linear hyperbolic
partial differential equations for x and h. These cannot be written explicitly in terms
of x and h since T is given by Eq. (8) and r by Eq. (6), which involve Dp and h. To
solve the problem numerically by the finite element method (FEM), we first derive its
weak or variational formulation.
Let wðXÞ be a smooth function that is an analog of virtual velocity. We take the
inner product of Eq. (19) with w, integrate the resulting equation over the region X
occupied by the body in the reference configuration, and use the divergence theorem
and the natural boundary conditions in Eqs. (18) to arrive at
Z
Z
aI ð1  f0 Þ_vi wi dX ¼  wi;a Tia dX
ð23Þ
X

X

Let w1 ; w2 ; . . . ; wn be finite element (FE) basis functions defined on X. We write
vi ¼

nodes
X

wA ðXÞ~vAi ðtÞ

wi ¼

nodes
X

A¼1

wA ðXÞcAi

i ¼ 1; 2

ð24Þ

A¼1

where ~v is the vector of velocities of nodes, and c’s are constants. Substituting from
Eq. (24) into Eq. (23) and exploiting the fact that the resulting equation must hold
for all choices of c, we get
M~v_ ¼ Fint
Z
MAB ¼
aI ð1  f0 ÞwA wB dX
X

int
FAi

¼

Z
wA;a Tia dX

ð25Þ

X

To derive a weak form of Eq. (25) we first introduce an auxiliary variable
n ¼ h_

ð26Þ

and follow the same procedure as that used to derive Eq. (25)1, with the following
result:
h_ ¼ ~
n
ð27Þ
_~
~
sHn þ H~
n ¼ Fh þ Q
where

Z
q0 ð1  f0 ÞwA wB dX
HAB ¼
X


Z
3
at 1  f h;a wA;a dX
FAh ¼
2
ZX
QA ¼
wA J trðrDp Þ dX

ð28Þ

X

Note that the natural boundary condition of zero heat flux has been embedded in
Eq. (27)2.
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We solve Eq. (16) for e_pe in terms of ry ; epe , and h and derive its weak form in the
same way as before except that the divergence theorem is not used. Recall that e_pe > 0
only when a material point is deforming plastically as signified by the satisfaction of
Eq. (10)1; otherwise, e_pe ¼ 0. Weak forms of Eqs. (6), (14), and
x_ ¼ vðX; tÞ

ð29Þ

are also derived. We thus get coupled nonlinear ordinary differential equations
d_ ¼ F

ð30Þ

where d is the vector of unknowns and F is the force vector that depends on time t and
dðtÞ. The twelve unknowns at a node are fx1 ; x2 ; v1 ; v2 ; r11 ; r22 ; r12 ; r33 ; f ; h; n; epe g.

ASB Initiation Criterion
Batra and Rattazzi [55] studied the initiation and propagation of an ASB in a
prenotched thick-walled steel tube and found that the choice of the ASB initiation
criterion will affect the predicted initiation time. They used four different criteria:
(i) the effective plastic strain at a point equals 0.5, (ii) the effective plastic strain at
a point equals 1.0, (iii) the effective stress at a point has dropped to 90% of its peak
value at that point, and (iv) the effective stress at a point has dropped to 80% of its
maximum value at that point; in each case the material point must be deforming
plastically. Criteria (iii) and (iv) reflect Marchand and Duffy’s [7] observation that
the torque required to twist thin-walled tubes drops precipitously upon the initiation
of an ASB. Batra and Kim [56] scrutinized ASBs in 12 materials deformed in simple
shear and proposed criterion (iv), which we use in the present work.

COMPUTATION AND DISCUSSION OF RESULTS
Compositional Profile
Results have been computed for tungsten (W) particles interspread in NiFe matrix
with the volume fraction of NiFe, vf ;NiFe , given by one of the following two expressions:

vf ;NiFe ¼

cf
cf

Type I
rH

r
H

rH


vf ;NiFe ¼

Type II


rH
cf 1  Hr
0
rH

ð31Þ

where r is the radial distance from the specimen centroid, and 2H ¼ 10 mm is the
length of a side of the square cross section. In both type I and type II FGMs,
material properties in the region r > H are constants. In type I FGMs, the volume
fraction of NiFe varies from zero at the specimen centroid to cf at r ¼ H, and, in type
II FGMs, it varies from cf at the specimen centroid to zero at r ¼ H. The material is
homogeneous in the region r  H.
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The primary reason for studying compositional profile (31) is that it does not
influence the direction of propagation of an ASB originating from the centroid of
the cross section. For the same overall volume fraction of the constituents, the
ASB initiation time may depend on the distribution of the two constituents. If an
ASB does not initiate from the centroid, then distribution (31) of NiFe may affect
the direction of propagation of the ASB.

Validation of the Computer Code
A computer code based on the semidiscrete formulation described earlier, employing
four-node quadrilateral elements, has been developed. Integrals in Eqs. (25) and (28)
are first written as the sum of integrals over each element; the latter are evaluated by
using the 2  2 Gauss quadrature rule. The variation of material properties with X is
accounted for by using their values at a quadrature point when evaluating integrals
in Eqs. (25) and (28) numerically. Sharp spatial gradients in material parameters can
be captured either by using a very fine FE mesh or by employing a higher order integration rule. Batra [57] employed a similar technique to analyze finite deformations
of an FG cylindrical pressure vessel made of an MooneyRivlin material. Consistent
mass and heat capacity matrices are employed. Recall that natural boundary conditions are embedded in Eqs. (30). Equations (30) are modified to enforce prescribed
velocity components at nodes on the bounding surfaces and are then integrated
by using the subroutine (Livermore Solver for Ordinary Differential Equations
LSODE) with parameter MF in LSODE set equal to 10 and parameters ATOL ¼
RTOL ¼ 107 . ATOL and RTOL control the absolute and the relative tolerances
in the computed solution. MF ¼ 10 implies that the subroutine uses the
AdamsMoulton method for integrating ordinary differential equations. LSODE
adaptively adjusts the size of the time step and the order of the method to compute
the solution within the prescribed accuracy. The subroutine can be downloaded from
the Internet.
The computer code was validated by comparing computed results with the
published ones and also by using the method of so-called manufactured solutions
in which body forces and sources of internal energy density can be found for any
assumed deformation and temperature fields. These and initial and boundary conditions corresponding to the assumed solution are input into the code. The computed
solution should match the presumed analytical solution of the problem (e.g., see [58],
Eq. (20), and a few lines following it). Furthermore, the solution for an ASB problem
in a homogeneous body essentially coincided with Batra and Lear’s [47] solution
obtained with an FE mesh of triangular elements.
To ascertain the effect of the FE mesh on the ASB initiation time, we analyzed
deformations of type I FGM with cf ¼ 0:3 in Eq. (31) with three different uniform
FE meshes. As is clear from the results summarized in Table 1, the ASB initiation
time decreased by 2.1% in going from a 40  40 to 120  120 uniform FE mesh,
and the CPU time increased by a factor of 21. Results presented in subsequent sections are with a 40  40 uniform FE mesh of four-node isoparametric quadrilateral
elements.
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Table 1 Effect of FE mesh on the ASB initiation time for type I FGM with cf ¼ 0.3
Uniform FE mesh
40  40
80  80
120  120

ASB initiation time (ms)

CPU time (s)

% change in ASB initiation time

65.9
64.8
64.5

1,133
6,908
29,242

—
1.67
2.12

ASBs in Five Homogeneous Materials
For homogeneous materials, Batra and Lear [47] assumed the presence of 2%
initial porosity at the specimen centroid, which decayed exponentially to zero with
the distance from the centroid. Because of the maximum initial porosity, the centroid acts as a nucleation site for an ASB. However, for a composite, deformations
naturally become inhomogeneous because of the spatial variation of material
properties and it determines where and when an ASB initiates. For reference and
to delineate the effect of the initial porosity distribution, we have listed in Table 2
values of material parameters and in Table 3 the nondimensional ASB initiation
times (or, equivalently, the average axial strain) for five materials deformed at an
average axial strain rate of 5,000=s. For H ¼ 5 mm, the axial speed v0 was increased
from 0 to 25 m=s in 1 ms and then kept constant. It is clear that an ASB initiates
considerably sooner in initially porous materials than in those with zero initial
porosity. Nondimensional inertia factor aI is higher for NiFe, Armco iron, and
Oxygen free high conductivity (OFHC) copper than for 4340 steel and tungsten
even though the mass density of tungsten is almost twice that of steel. Heat conduction effects are higher in OFHC copper than in any of the other four materials
studied; it is reflected in the delayed initiation of an ASB in copper. The rather high
nondimensional thermal conductivities of NiFe and Armco iron also delay the
onset of ASBs in them. The nondimensional thermal conductivites of tungsten
and NiFe are nearly the same but aI for tungsten is about one-fifth of that for
NiFe. A clear correlation among the ASB initiation time, aI , and at has not been
established yet. We note that the ASB initiation time also depends on the nominal
axial strain rate.
Figure 2 exhibits the time history of the applied axial load for the five materials;
the axial strain plotted along the abcissa equals the time multiplied by the nominal
axial strain rate. In each case the initiation of an ASB is accompanied by a rapid
drop in the axial load; the rate of drop of the axial load is higher for tungsten than
that for any of the other four materials. In each case, the ASB initiated from the
centroid of the cross section. The porosities at the instant of the ASB initiation were
0.041, 0.087, 0.081, 0.126, and 0.155, respectively, in W, NiFe, 4340 steel, Fe, and
Cu; the temperature rise is listed in Table 3. An approximate value of the temperature rise is given by ððA þ 0:5Bðepe Þn Þepe Þ=ðqcÞ since the effect of heat conduction until
an ASB initiates is small. It also provides a check on the accuracy of computed
results. For W, the temperature rise computed from this relation at the time of
initiation of an ASB is 368 K.
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509.51
379.99
261.64
176.50
546.0

B (MPa)
0.014
0.060
0.031
0.016
0.0838

C
1.03
0.55
1.09
1.00
1.0

m
0.26
0.32
0.31
0.12
0.208

n
1793
1811
1356
1723
1225

hm (K)
12.3
12.1
17.0
4.3
15.0

a (10 5=K)

Values for an average axial strain of 5,000=s, H ¼ 5 mm, and r0 ¼ A.

792.19
175.12
89.63
1505.79
150.0

4340 steel
Armco iron
OFHC copper
Tungsten
Nickel iron



A (MPa)

Material
38
73
386
75
100

j (W=mK)

Table 2 Values of thermomechanical parameters for the five materials studied

477
452
383
134
382

c (J=kgK)
7840
7890
8960
17000
9200

q (kg=ms)

0.27
0.29
0.33
0.20
0.29

m

210
196
120
406
255

E (GPa)

6.19
28.16
62.48
7.06
38.33

aI (103)

81.3
163.8
899.9
263.4
227.6

at (106)
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Table 3 Axial strain at ASB initiation in five homogeneous materials deformed in
plane-strain tension at a nominal strain rate of 5,000=s
Axial strain at ASB initiation

Material
Tungsten
4340 steel
Nickel iron
OFHC copper
Armco iron

with initial
porosity

without initial
porosity (present work)

Temperature rise (K)
at ASB initiation (present work)

0.137
0.315
—
0.391
0.433

0.386
0.615
0.944
1.045
1.095

391
315
354
157
253

Figure 2. Axial load vs. average axial strain for five homogeneous materials deformed in plane-strain
tension.
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ASBs in FGMs
Numerical experiments on type I and type II FGMs yielded interesting results which
are summarized in Table 4. In type I FGMs, there is 100% W at r ¼ 0, and the
volume fraction of NiFe equals 0 at r ¼ 0 and increases linearly with r reaching its
maximum value at r ¼ H; the maximum volume fraction of NiFe at r ¼ H varies from
0.1 to 0.5. In each case, an ASB initiated at the specimen centroid and propagated
along a line inclined at approximately 45 to the horizontal axis in the present
configuration. The axial strain at the instant of ASB initiation decreased when the
maximum volume fraction of NiFe at r ¼ H was increased from 0.1 to 0.4, and then
increased a little when cf in Eq. (31) was increased from 0.4 to 0.5. However, in each
case, the average axial strain at the instant of the ASB initiation is less than that for
the pure W. It leads one to conjecture that the addition to W of a material less
susceptible to shear banding than W increases tungsten’s susceptibility to shear
banding. To test this conjecture, numerical experiments were performed on type I
FGMs with NiFe replaced by 4340 steel, Cu, and Fe. The spatial distribution of
the volume fraction of W was kept the same. Whereas in each FGM the ASB
initiated sooner than that in pure W, the decrease in the time of initiation of an
ASB cannot be simply related to the times of initiation of ASBs in the constituents.
Contours of the effective plastic strain in type I FGMs are depicted in Figure 3.
The effective plastic strain within the ASB exceeds 1 with a peak value of 1.5 at some
points. The necking of the region below the ASB is evident in these plots.
Results for numerical experiments on other type I FGMs containing different
matrix material are also summarized in Table 4.
For type II FGMs with the maximum volume fraction of NiFe at the centroid,
an ASB initiated from a point on the top surface and propagated inward along the
two directions of the maximum shear stress. These seem to get reflected from the
surfaces X1 ¼ 0; H. As shown in Figure 4, there are several narrow regions of large
plastic deformation. For the first three FGMs, the point where an ASB initiates
on the top surface varies with the compositional profile. For the other two FGMs,
an ASB initiates from a point within the cross section. Fully developed ASBs
exhibited in Figure 4 reveal that the eventual distribution of regions of intense plastic
deformation is independent of cf . The time of initiation of an ASB decreases monotonically with an increase in the maximum volume fraction, cf , of NiFe. However,
the rate of decrease of the time of initiation decreases rapidly as cf is increased from
0:1 to 0:5. In contrast to FGMs of type I, necking occurs in the upper part rather
than in the lower portion of the cross section.
Figure 5 depicts contours of the effective plastic strain in type I FGMs with the
matrix material either 4340 steel, OFHC copper or Fe. A comparison of these plots
with those in Figure 3 reveals that an ASB initiates from a point on the top surface
in these cases as opposed to from the centroid when the matrix is NiFe. As listed in
Table 4, the point of initiation of the ASB varies with the matrix material. Of the
FGMs studied, the type I with NiFe matrix delays most the onset of an ASB and
that with Fe matrix the least. Composites comprised of W in the region r < 5 mm
and NiFe elsewhere or vice versa were also analyzed. ASBs initiated in these two
composites at much lower values of the average axial strain than in all of the FGMs
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Table 4 Axial strain and the point of initiation of ASBs in FGMs
Location of ASB initiation (ref. config.)
Specimen type
and constituents

Max. vf
of matrix

Axial strain at
ASB initiation

X

Y

W=NiFe type I

0.1
0.2
0.3
0.4
0.5
0.1
0.2
0.3
0.4
0.5
0.3
0.3
0.3

0.371
0.339
0.327
0.325
0.331
0.340
0.314
0.304
0.298
0.292
0.364
0.218
0.268

0.000
0.000
0.000
0.000
0.000
1.125
1.250
1.375
4.750
4.875
1.125
0.625
1.000

0.000
0.000
0.000
0.000
0.000
5.000
5.000
5.000
2.875
2.875
5.000
5.000
5.000

—

0.194

2.875

4.000

—

0.154

4.875

1.500

W=NiFe type II

W=4340 steel type I
W=Cu type I
W=Fe type I
W, r < 5
NiFe, r > 5
W, r > 5
NiFe, r < 5

and in the two homogeneous bodies. Recall that material properties are discontinuous across the surface r ¼ H. It suggests that the presence of a material singular
surface enhances the initiation of an ASB. The gradients of displacements and temperature must be discontinuous across r ¼ H for surface tractions and the normal
component of the heat flux to be continuous.
The significant difference between the initiation times of ASBs in the two composites with W in the region r < 5 mm and NiFe in r > 5 mm or vice versa cannot
pﬃﬃﬃﬃﬃﬃﬃﬃﬃbe
explained on the basis of the arrival time of the elastic loading wave since pﬃﬃﬃﬃﬃﬃ
E=q
ﬃ is
nearly the same for W and NiFe. However, their accoustic impedances Eq are
quite different. Batra and Kwon [59] scrutinized the initiation and development of
ASBs in simple shearing deformations of a bimetallic body with the lower half made
of one thermoviscoplastic material and the upper half of a different thermoviscoplastic material. For both materials having the same value of the shear modulus and the
mass density, they found that the ASB developed in the body with the higher value of
the thermal softening coefficient even though the initial nonuniform temperature
was symmetric about the centerline and maximum at the center. The differences in
thermal conductivities shifted the ASB a little. No shift in the center of the ASB
away from the centerline occurred even when the shear modulus of one material
was twice that of the other material. The data included in the last two rows of
Table 4 indicate that an ASB initiated at the point (2.875, 4.0), or r ¼ 4:93mm when
W occupied the region r < 5 mm, and at the point (4.875, 1.50), or r ¼ 5:10 mm for W
in the region r > 5 mm. The coordinates of points are in the reference configuration.
These results agree with those of Batra and Kwon [59]. Zhou et al. [60] analyzed
numerically and experimentally plane-strain deformations of a particulate composite composed of W particles in NiFe matrix and modeled each constituent as a
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Figure 3. Contours of the effective plastic strain in type I FGMs with the maximum volume fraction of
NiFe at r ¼ H equal to (a) 0.1, (b) 0.2, (c) 0.3, (d ) 0.4, and (e) 0.5.
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Figure 4. Contours of the effective plastic strain in type II FGMs with the maximum volume fraction of
NiFe at r ¼ 0 equal to (a) 0.1, (b) 0.2, (c) 0.3, (d ) 0.4, and (e) 0.5.
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Figure 5. Contours of the effective plastic strain in type I FGMs with the maximum volume fraction of
W at r ¼ H equal to 0.7 and (a) 4340 steel, (b) Cu, and (c) Fe as the other constituent.

thermoviscoplastic material. Thus, there were several surfaces of discontinuity
present in the body. They also found that an ASB initiated sooner in the composite
than in either one of the two constituents. They neither homogenized material
properties nor investigated the effect of the spatial variation of the volume fraction
of the two constituents, nor did they consider the evolution of porosity.
An ASB initiates from the point at the center of the shaded area in Figure 6a.
The shaded zones in Figures 6b6d depict the shear banded regions. Since the length
of this region increases in both directions around the point shown in Figure 6a, one
can conclude that the shear band propagates outward in both directions.
For each problem studied, the time step was seen to drop drastically once an
ASB had initiated at a point in the body. The numerical values of the ASB initiation
time may depend on the FE mesh employed. However, differences in results from a
much finer mesh than the one used here are likely to be less than 5% because the
ASB initiation time obtained with 6400 uniform elements differed from that with
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Figure 6. Shear banded region, shown shaded, in a W=NiFe composite with W in the region r < 5 and
NiFe in r > 5 at (a) 42 ls, (b) 46 ls, (c) 50 ls, (d) 54 ls, and (e) 58 ls; the effective plastic strain in the
red area exceeds 1.0.
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1600 uniform elements by less than 2.2%. One could use either adaptively refined
meshes (e.g., see [8]) or a meshless method such as the modified smoothed particle
hydrodynamics [61] to compute results. The former technique smoothens deformation fields and tends to delay the ASB initiation but gives narrower bands. The
latter is computationally less efficient than the FEM.
Other compositional profiles symmetric about the two centroidal axes include
mf ;NiFe ¼ a þ bX12p X22q , where a; b; p, and q are real numbers such that 0  mf ;NiFe
 1 for all admissible values of X1 and X2 . These have not been examined.

CONCLUSIONS
We have analyzed the initiation and propagation of ASBs in FG bodies deformed inplane-strain tension at an average axial strain rate of 5000=s. Each FGM studied is
composed of two constituents, one of which is tungsten and the other NiFe, copper,
4340 steel, or iron. Several spatial distributions of the two constituents in the region
r  H are considered. Here r is the radial distance from the centroid of the square
cross section of side 2H. The material is homogeneous in the region r  H. For
uniform 4040 and 120120 FE meshes of four-node quadrilateral elements, the
ASB initiation time differed by 2.1%. It is found that an ASB initiates either at
the specimen centroid or at a point on the top surface where the normal component
of velocity is prescribed. In each case, it propagates along the direction of the
maximum shear stress. An ASB initiates in an FGM at a lower value of the average
axial strain than that in a homogeneous body made of either one of the two constituents. Thus, for the material combinations studied here, the addition to tungsten of
a material that is less susceptible to adiabatic shear banding than tungsten enhances
the susceptibility of the FGM to adiabatic shear banding. The analysis can thus be
used to optimize the compositional profile to either delay or to enhance the onset of
an ASB.
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